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This study presents the force and mass discretization
of exceptional points in the compatible formulation of La-
grangian hydrodynamics. It concludes a series of papers that
develop various aspects of the theoretical exposition and the
operational implementation of this numerical algorithm. Ex-
ceptional points are grid points at the termination of lines
internal to the computational domain, and where boundary
conditions are therefore not applied. These points occur nat-
urally in most applications in order to ameliorate spatial grid
anisotropy, and consequent timestep reduction, that will oth-
erwise arise for grids with highly tapered regions or a center
of convergence. They have their velocity enslaved to that of
neighboring points in order to prevent large excursions of the
numerical solution about them. How this problem is treated
is given herein for the aforemention numerical algorithm
such that its salient conservation properties are retained. In
doing so the subtle aspects of this algorithm that are due to
the interleaving of spatial contours that occur with the use of
a spatially-staggered-grid mesh are illuminated. These con-
tours are utilized to define both forces and the work done
by them, and are the central construct of this type of finite-
volume differencing. Addtionally, difficulties that occur due
to uncertainties in the specification of the artificial viscosity
are explored, and point to the need for further research in this
area.

The first pictures present the so-called Guderley prob-
lem in cylindrical geometry for a radial off-axes mesh with
and without termination lines. The last pictures presents a
straight piston (left boundary condition) sending a planar
shock wave into a mesh with termination line with the orig-
inal method and with the proposed treatment of termination
lines. new method is
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Guderley off axes problem at t= 0.8 with the ten-
sor viscosity in cylindrical geometry - Top: Final
mesh and density isolines - Bottom: Two termina-
tion layer mesh and density isolines with donation
process.

http://math.lanl.gov/, T-7, MS B284, Theoretical Division, Los Alamos National Laboratory, Los Alamos, NM 87545

http://math.lanl.gov/


The Force/Work Differencing of Exceptional Points in Lagrangian
Hydrodynamics

X

Y

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-0.01

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

0.11

(a)

X

Y

0.6 0.7 0.8 0.9 1
-0.01

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

0.11

Density
4.57
4.315
4.06
3.805
3.55
3.295
3.04
2.785
2.53
2.275
2.02
1.765
1.51
1.255
1

(b)

X

Y

0.6 0.7 0.8 0.9 1
-0.01

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

0.11

Density
4.57
4.315
4.06
3.805
3.55
3.295
3.04
2.785
2.53
2.275
2.02
1.765
1.51
1.255
1

(c)

Straight piston (left boundary condition) with ter-
mination lines for the edge viscosity — Top: Ini-
tial mesh — Middle: Mesh and density at t= 0.6
original code — Bottom: mesh and density at
t = 0.6 with donation. The donation treatment is
designed to produce the same result as if no ter-
mination lines were used.
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